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BOUNDARY EXPANSIONS FOR CONSTANT MEAN CURVATURE
SURFACES IN THE HYPERBOLIC SPACE
QING HAN AND YUE WANG
Abstract. We study expansions near the boundary of solutions to the Dirichlet prob-
lem for the constant mean curvature equation in the hyperbolic space. With a char-
acterization of remainders of the expansion by multiple integrals, we establish opti-
mal asymptotic expansions of solutions with boundary values of finite regularity and
demonstrate a slight loss of regularity for coefficients.
1. Introduction
Complete minimal hypersurfaces in the hyperbolic space Hn+1 demonstrate similar
properties as those in the Euclidean space Rn+1 in the aspect of the interior regular-
ity and different properties in the aspect of the boundary regularity. Anderson [1], [2]
studied complete area-minimizing submanifolds and proved that, for any given closed
embedded (n − 1)-dimensional submanifold N at the infinity of Hn+1, there exists a
complete area minimizing integral n-current which is asymptotic to N at infinity. In
the case n ≤ 6, these currents are embedded smooth submanifolds; while in the case
n ≥ 7, as in the Euclidean case, there can be closed singular set of Hausdorff dimen-
sion at most n − 7. Hardt and Lin [16] discussed the C1-boundary regularity of such
hypersurfaces. Subsequently, Lin [22] studied the higher order boundary regularity. In a
more general setting, Graham and Witten [12] studied n-dimensional minimal surfaces of
any codimension in asymptotically hyperbolic manifolds and derived an expansion of the
normalized area up to order n+1. Recently, Han and Jiang [14] studied the asymptotic
expansions of minimal surfaces in the hyperbolic space and derived optimal estimates
for the remainders in the context of the finite regularity.
It is natural to study constant mean curvature hypersurfaces in the hyperbolic space
and investigate the differences and similarities between the nonzero mean curvature case
and the zero mean curvature case. Tonegawa [29] discussed the constant mean curvature
hypersurfaces in the hyperbolic space and established several regularity results near
boundary. In this paper, we will study expansions of the constant mean curvature
hypersurfaces in the hyperbolic space near boundary.
We first introduce the differential equation for constant mean curvature hypersurfaces
in the hyperbolic space near infinity. Denote by x = (x′, xn) points in Rn and consider
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the function u = u(x) in B+1 ⊂ Rn satisfying
(1.1) ∆u− uiuj
1 + |Du|2uij −
n
xn
(un −H
√
1 + |Du|2) = 0 in B+1 ,
and
(1.2) u = ϕ on B′1,
where ϕ is a given function on B′1 and H a contant in B
+
1 . The graph of u for {xn > 0} is
a hypersurface in Hn+1 with its mean curvature given by H and its asymptotic boundary
given by the graph of ϕ.
In this paper, we discuss the boundary regularity of u by expanding u in terms of xn.
We discuss a general case and allow H to be a function in B¯+1 . We can write formal
expansions for solutions of (1.1)-(1.2) in the following form:
u =
n∑
i=0
cix
i +
∞∑
i=n+1
Ni∑
j=0
ci,jx
i
n(log xn)
j ,
where ci and ci,j are functions of x
′ ∈ B′1 and Ni is a nonnegative integer depending on
i, with Nn+1 = 1. A formal calculation can only determine finitely many terms in the
formal expansion of u. In fact, the coefficients c0, c1, · · · , cn, and cn+1,1 have explicit
expressions in terms of ϕ and H. For example, we have
c0 = ϕ,
and
c1 = H0
√
1 + |Dx′ϕ|2
1−H20
,
where H0 = H(·, 0). In this paper, we always assume |H| < 1 in B¯+1 . See Section 2 for
expressions of other ci. We note that logarithmic terms usually appear in all dimensions,
except in the dimension 2. In fact, for n = 2 and constant H, ci,j = 0 for all i ≥ 3 and
j ≥ 1. This was observed by Tonegawa [29].
We point out that the case of nonzero H is different from the case H ≡ 0. For H ≡ 0,
we have, for n even,
u = ϕ+ c2x
2
n + c4x
4
n + · · ·+ cnxnn +
∞∑
i=n+1
cix
i
n,
and, for n odd,
u = ϕ+ c2x
2
n + c4x
4
n + · · · + cn−1xn−1n +
∞∑
i=n+1
Ni∑
j=0
ci,jx
i
n(log xn)
j .
We note that the odd powers i of xn are absent for i ≤ n and cn+1,1 = 0 for n even. For
nonzero H, all powers of xn appear and cn+1,1 is present in general except for n = 2 and
constant H.
Logarithmic terms also appear in other problems, such as the singular Yamabe problem
in [4], [24] and [27], the complex Monge-Ampe`re equations in [6], [8] and [20], and the
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asymptotically hyperbolic Einstein metrics in [3], [5], [7] and [17]. In fact, Fefferman [8]
observed that logarithmic terms should appear in the expansion.
Our goal in this paper is to discuss the relation between u and its formal expansions
for boundary values of finite regularity and derive sharp estimates of remainders for
the asymptotic expansions. We will also investigate the regularity property of nonlocal
coefficients in the expansions.
Let k ≥ n+ 1 be an integer and set
uk = ϕ+ c1xn + c2x
2
n + · · ·+ cnxnn +
k∑
i=n+1
[ i−1n ]∑
j=0
ci,jx
i
n(log xn)
j ,(1.3)
where ci and ci,j are functions of x
′ ∈ B′1. We point out that the highest order in uk
is given by xkn. According to the pattern in this expansion, if we intend to continue to
expand uk, the next term has an order of x
k+1
n (log xn)
[ kn ]. In these expansions, cn+1,0 is
the coefficient of the first global term and has no explicit expressions in terms of ϕ.
In this paper, we study the regularity and growth of the remainder u−uk by following
Han and Jiang [14] closely. We will prove the following result. As mentioned earlier, H
in (1.1) is a function in B+1 instead of a constant.
Theorem 1.1. For some integer k ≥ n + 1 and some constant α ∈ (0, 1), let ϕ ∈
Ck,α(B′1) and H ∈ Ck−1,α(B¯+1 ) be given functions, with |H| < 1 in B¯+1 , and u ∈ C(B¯+1 )∩
Ck,α(B+1 ) be a solution of (1.1)-(1.2). Then, there exist functions ci, ci,j ∈ Ck−i,ǫ(B′1),
for i = 0, 1, · · · , k and any ǫ ∈ (0, α), such that, for uk defined as in (1.3), for any
m = 0, 1, · · · , k, any ǫ ∈ (0, α), and any r ∈ (0, 1),
(1.4) ∂mxn(u− uk) ∈ Cǫ(B¯+r ),
and, for any (x′, xn) ∈ B+1/2,
(1.5) |∂mxn(u− uk)(x′, xn)| ≤ Cxk−m+αn ,
for some positive constant C depending only on n, k, α, the L∞-norm of u in B+1 , the
Ck,α-norm of ϕ in B′1, and the C
k−1,α-norm of H in B¯+1 . If, in addition, cn+1,1 = 0 on
B′1, then u ∈ Ck,ǫ(B¯+r ) for any r ∈ (0, 1) and any ǫ ∈ (0, α).
We note that the estimate (1.5) is optimal and that there is a slight loss of regularity of
ci,j and u−uk, for i, k ≥ n+1. In fact, there is actually no loss of regularity for coefficients
of local terms. If ϕ ∈ Ck,α(B′1) for some k ≥ 2 and α ∈ (0, 1), then ci ∈ Ck−i,α(B′1), for
0 ≤ i ≤ min{k, n}, and cn+1,1 ∈ Ck−n−1,α(B′1) if k ≥ n + 1. Moreover, if ϕ ∈ Ck,α(B′1)
for some 2 ≤ k ≤ n and α ∈ (0, 1), then u ∈ Ck,α(B¯+r ) for any r ∈ (0, 1). (See Theorem
3.2 [29].)
As we see, cn+1,1, the coefficient of the first logarithmic term in (1.3), is given by an
expression involving derivatives of ϕ up to order n+1. The final part of Theorem 1.1 as-
serts that cn+1,1 6= 0 is the obstacle to the higher regularity of solutions u. Theoretically,
it is a routine process to calculate cn+1,1. However, it is difficult to identify the geometric
meaning of this quantity. For n = 3 and H ≡ 0, Han and Jiang [14] demonstrated that
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c4,1 is related to the Willmore functional. We will prove that c3,1 ≡ 0 for n = 2 and
constant H in Section 2. As a consequence, for n = 2 and constant H, if ϕ ∈ Ck,α(B′1)
for some integer k ≥ 3 and some constant α ∈ (0, 1), then u ∈ Ck,ǫ(B¯+r ) for any r ∈ (0, 1)
and any ǫ ∈ (0, α). (See also Theorem 4.1 [29].) We point out that there is a loss of
regularity and it is not clear whether we have u ∈ Ck,α(B¯+1/2).
If ϕ ∈ C∞(B′1), then the estimate (1.5) holds for all m ≥ 0, all k ≥ max{n + 1,m}
and all α ∈ (0, 1). In fact, a similar estimate holds for x′-derivatives of u − uk. This
implies in particular that u is polyhomogeneous. Refer to [4] or [27] for the definition of
polyhomogeneity.
We finish the introduction with a brief outline of the paper. In Section 2, we provide
a calculation to determine all the local terms in the formal expansion. In Section 3, we
estimate the difference of the solution and its expansion involving all the local terms.
The proof is based on the maximum principle. In Section 4, we prove the tangential
smoothness of solutions near boundary by the maximum principle and scaled Schauder
estimates. In Section 5, we study the regularity along the normal direction by rewriting
the constant mean curvature equation as an ordinary differential equation along the
normal direction.
2. Formal Expansions
In this section, we derive expansions for solutions of (1.1) and (1.2). We denote by
x = (x′, xn) points in Rn and set
Q(u) = ∆u− uiuj
1 + |Du|2uij −
n
xn
(
un −H
√
1 + |Du|2).(2.1)
In the following, we calculate the operator Q on polynomials of xn. We set
(2.2) u∗ = c0 + c1xn + c2x2n + · · ·+ cnxnn + cn+1,1xn+1n log xn,
where c0, c1, · · · , cn and cn+1,1 are functions of x′ to be determined, with
c0 = ϕ.
Lemma 2.1. Assume ϕ ∈ Cℓ(B′1) and H ∈ Cℓ−1(B¯+1 ), with |H| < 1 in B¯+1 , for some
ℓ ≥ n+3. Then, there exist ci ∈ Cℓ−i(B′1), for i = 1, 2, · · · , n, and cn+1,1 ∈ Cℓ−n−1(B′1)
such that, for u∗ defined in (2.2),
|Q(u∗)| ≤ Cxnn log x−1n ,
where C is a positive constant depending only on n, the Cn+3-norm of ϕ in B′1 and the
Cn+2-norm of H in B+1 .
Proof. Set
H = H0 +H1xn + · · ·+Hnxnn +Hn+1xn+1n + · · · ,
where H0,H1, · · · ,Hn,Hn+1 are functions of x′. We now substitute u∗ given by (2.2)
and H above in Q and arrange Q(u∗) in an ascending order of xn. By requiring the
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coefficient of x−1n to be zero in Q(u∗), we have
(2.3) c1 = H0
√
1 + |Dx′ϕ|2
1−H20
.
Then,
1 + |Dx′c0|2 + c21 =
1 + |Dx′ϕ|2
1−H20
.
For i = 2, · · · , n, by requiring the coefficient of xi−2n to be zero in Q(u∗) successively, we
have
(2.4) ci =
1
i(n+ 1− i)Fi(c0, · · · , ci−1,H0, · · · ,Hi−1),
where Fi is a smooth function in ϕ, c1, · · · , ci−1, H0, · · · ,Hi−1 and their derivatives up
to order 2. For example,
c2 =
1
2(n − 1)(1 −H20 )
[
∆x′c0 −
n−1∑
α,β=1
∂αc0∂βc0∂αβc0
1 + |Dx′c0|2 + c21
+
(n− 2)H0Dx′c0 ·Dx′c1
1 + |Dx′c0|2 + c21
+ nH1
√
1 + |Dx′c0|2
]
.
We point out that the coefficient of xn−1n log xn in Q(u∗) equals 0. By requiring the
coefficient of xn−1n to be zero in Q(u∗), we have
(2.5) cn+1,1 =
1
n+ 1
Fn+1,1(c0, · · · , cn,H0, · · ·,Hn),
where Fn+1,1 is a smooth function in c0, · · · , cn,H0, · · · ,Hn and their derivatives up to
order 2. The next term in Q(u∗) is xnn log xn. 
The functions c1, · · · , cn and cn+1,1 defined in (2.3), (2.4) and (2.5) are functions of
x′ ∈ B′1. We will refer to the corresponding terms as local terms. Next, we calculate c3,1
for n = 2 and constant H.
Proposition 2.2. For n = 2, if H is constant with |H| < 1, then c3,1 in (2.5) is zero.
Proof. For n = 2, the operator Q is given by
Q(u) = ∆u− uiuj
1 + |Du|2uij −
2
x2
(
u2 −H
√
1 + |Du|2).
We write x = (x1, x2) and denote by w
′ the derivative of w = w(x1) with respect to x1.
Set
u∗ = c0 + c1x2 + c2x22 + c3,1x
3
2 log x2.
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We need to calculate F3,1 in the proof of Lemma 2.1. In fact, by a calculation as in the
proof of Lemma 2.1, we have
c0 = ϕ,
c1 =
H√
1−H2
√
1 + ϕ′2,
c2 =
(1 + ϕ′2H2)
2(1−H2)(1 + ϕ′2)ϕ
′′,
and
c3,1 = − 1
3(1−H2)
[
c′′1
− 1
1 + c21 + c
′2
0
(c′′1c
′2
0 + 2c
′′
0c
′
1c
′
0 + 4c1c
′
0c
′
2 + 2c1c
′2
1 + 4c2c
′
0c
′
1 + 8c1c
2
2)
+
1
(1 + c21 + c
′2
0 )
2
(4c2c1 + 2c
′
1c
′
0)(c
′′
0c
′2
0 + 2c1c
′
0c
′
1 + 2c
2
1c2)
+H
(
4c22 + 2c
′
0c
′
2 + c
′2
1
(1 + c21 + c
′2
0 )
1
2
− (2c1c2 + c
′
0c
′
1)
2
(1 + c21 + c
′2
0 )
3
2
)]
.
By the expression of c0, c1 and c2, we have
c′1 =
H√
1−H2
ϕ′ϕ′′√
1 + ϕ′2
,
c′′1 =
H√
1−H2
[
ϕ′′2
(
√
1 + ϕ′2)3
+
ϕ′ϕ′′′√
1 + ϕ′2
]
,
c′2 =
1 + ϕ′2H2
2(1 −H2)(1 + ϕ′2)ϕ
′′′ − ϕ
′ϕ′′2
(1 + ϕ′2)2
.
We substitute these expression in c3,1 and collect terms involving ϕ
′′′ first and then ϕ′′.
We obtain c3,1 = 0 after a lengthy calculation. 
3. Estimates of Local Terms
In this section, we derive an estimate for an expansion involving all local terms by the
maximum principle. For convenience, we write t = xn and denote by x = (x
′, t) points
in Rn. Set Q as in (2.1), i.e.,
Q(u) = ∆u− uiuj
1 + |Du|2uij −
n
t
(
un −H
√
1 + |Du|2).
Throughout the paper, we always assume
|H| < 1 in B¯+1 .
First, we derive a decay estimate by the maximum principle.
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Lemma 3.1. Assume ϕ ∈ C1(B′1) and H ∈ C(B¯+1 ) with |H| < 1 in B¯+1 . Let u ∈
C(B¯+1 )
⋂
C2(B+1 ) be a solution of (1.1)-(1.2). Then, for any (x
′, t) ∈ B′1/4 × (0, 1/4),
|u− ϕ| ≤ Ct,(3.1)
where C is a positive constant depending only on n, |ϕ|C1(B′
3/4
), |u|L∞(B+
1
) and |H|L∞(B+
1
).
Proof. Take any x′0 ∈ B′1/4 and set r0 = 1/4 and δ0 = 1/4. Then, B′r0(x′0)×(0, δ0) ⊂ B+3/4.
Set
w(x′, t) = ϕ(x′0) +At+B(|x′ − x′0|2 + t2)
1
2 ,
where A and B are positive constants to be determined.
We now consider u on ∂(B′r0(x
′
0)× (0, δ0)). First,
u(x′, 0) = ϕ(x′) ≤ ϕ(x′0) +B|x′ − x′0| = w(x′, 0) on B′r0(x′0),
if B ≥ |ϕ|C1(B′
1/2
). Next
u(x′, t) ≤ ϕ(x′0) +Br0 ≤ w(x′, t) on ∂B′r0(x′0)× (0, δ0),
if
B ≥ r−10
(|u|L∞(B+
1
) + |ϕ|L∞(B′3/4)
)
.
Last,
u(x′, δ0) ≤ ϕ(x′0) +Aδ0 ≤ w(x′, δ0),
if
A ≥ δ−10
(|u|L∞(B+
1
) + |ϕ|L∞(B′3/4)
)
.
Therefore, we set
B = max{|ϕ|C1(B′
1/2
), r
−1
0
(|u|L∞(B+
1
) + |ϕ|L∞(B′3/4)
)},
A = A˜max{B, δ−10
(|u|L∞(B+
1
) + |ϕ|L∞(B′3/4)
)},
where A˜ ≥ 1 is a constant to be determined. Therefore,
u ≤ w on ∂(B′r0(x′0)× (0, δ0)).
Next, we calculate tQ(w). A straightforward calculation yields
wn = A+
Bt
(|x′ − x′0|2 + t2)
1
2
,
wa =
B(xa − x0a)
(|x′ − x′0|2 + t2)
1
2
,
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and
twnn =
Bt
(|x′ − x′0|2 + t2)
1
2
− Bt
3
(|x′ − x′0|2 + t2)
3
2
,
twna = − Bt
2(xa − x0a)
(|x′ − x′0|2 + t2)
3
2
,
twab =
Bδabt
(|x′ − x′0|2 + t2)
1
2
− Bt(xa − x0a)(xb − x0b)
(|x′ − x′0|2 + t2)
3
2
.
Write
−n(wn −H√1 + |Dw|2) = n(√1 + |Dw|2 − wn)− n(1−H)√1 + |Dw|2.
Then,
tQ(w) ≤ t|D2w|+ n(√1 + |Dw|2 − wn)− n(1− |H|)√1 + |Dw|2.
Note
1 + |Dw|2 ≥ w2n ≥ A2,
and √
1 + |Dw|2 − wn ≤
√
1 + |Dx′w|2 ≤
√
1 +B2.
Then,
tQ(w) ≤ n2B + n
√
1 +B2 − nA(1− |H|).
Since sup |H| < 1, by taking A large or A˜ large, we have
tQ(w) ≤ 0 in B′r0(x′0)× (0, δ0).
By the maximum principle, we obtain
u(x′, t) ≤ w(x′, t) in B′r0(x′0)× (0, δ0).
Evaluating at x′ = x′0, we get
u− ϕ ≤ At+Bt in B′1/4 × (0, δ0).
For the lower bound of u, we set
w(x′, xn) = ϕ(x′0)−At−B(|x′ − x′0|2 + t2)
1
2 ,
and proceed similarly. 
Next, we improve Lemma 3.1 under better assumptions of ϕ and H.
Lemma 3.2. Assume ϕ ∈ C2(B′1) and H ∈ C1(B¯+1 ), with |H| < 1 in B¯+1 . Let u ∈
C(B¯+1 )
⋂
C2(B+1 ) be a solution of (1.1)-(1.2). Then, for any (x
′, t) ∈ B′1/8 × (0, δ0),
|u− ϕ− c1(x′)t| ≤ Ct1+ε,(3.2)
where c1 is given by (2.3), and δ0, ε and C are positive constants depending only on n,
|ϕ|C2(B′
3/4
), |u|L∞(B+
1
) and |H|C1(B+
1
).
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Proof. Take any x′0 ∈ B′1/8 and set r0 = 1/8 and δ0 small to be determined. Consider in
B′r0(x
′
0)× (0, δ0). Set
w(x′, t) = ϕ(x′) + c1(x′0)t+At
1+ε +B(|x′ − x′0|2 + t2)
ε
2 t,
where A and B are positive constants to be determined. Obviously, u(x′, 0) = w(x′, 0).
In order to have u ≤ w on ∂(B′r0(x0)× (0, δ0)), we require, by Lemma 3.1,
C0 + |c1|L∞(B′
1/2
) ≤ Brε0,(3.3)
and
C0 + |c1|L∞(B′
1/2
) ≤ Aδε0,(3.4)
where C0 is the constant in Lemma 3.1.
A straightforward calculation yields, for a, b 6= n,
wa = ∂aϕ+Bε
(xa − x0a)t
(|x′ − x′0|2 + t2)1−
ε
2
,
wn = c1(x
′
0) + (1 + ε)At
ε +B(|x′ − x′0|2 + t2)
ε
2 +Bε
t2
(|x′ − x′0|2 + t2)1−
ε
2
,
and
twab = ∂abϕt+Bε
δabt
2
(|x′ − x′0|2 + t2)1−
ε
2
+Bε(−2 + ε)(xb − x0b)(xa − x0a)t
2
(|x′ − x′0|2 + t2)2−
ε
2
,
twna = Bε
(xa − x0a)t
(|x′ − x′0|2 + t2)1−
ε
2
+Bε(−2 + ε) (xa − x0a)t
3
(|x′ − x′0|2 + t2)2−
ε
2
,
twnn = ε(1 + ε)At
ε +Bε
3t2
(|x′ − x′0|2 + t2)1−
ε
2
+Bε(−2 + ε) t
4
(|x′ − x′0|2 + t2)2−
ε
2
.
In analyzing Q(w), we first consider the terms involving the second derivatives of w. We
note that wa, wab and wan do not involve A, and
|∂iw∂jw|
1 + |Dw|2 ≤
1
2
.
By considering ∂nnw separately, we have
t
[
∆w − wiwjwij
1 + |Dw|2
]
≤ Ct+ CBεtε + ε(1 + ε)Atε,(3.5)
where C is a positive constant depending only on n, |ϕ|C2 .
Next, we claim, by choosing A and δ0 appropriately,
− wn +H
√
1 + |Dw|2
≤ −(1− |H|)
[
(1 + ε)Atε +B(|x′ − x′0|2 + t2)
ε
2 +Bε
t2
(|x′ − x′0|2 + t2)1−
ε
2
]
+ Ct+ CBεtε + C|x′ − x′0|,
(3.6)
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where C is a positive constant depending only on n, |u|L∞ , |ϕ|C2 and |H|C1 . To prove
this, we consider two cases H > 0 and H < 0 separately. Set
D = (1 + ε)Atε +B(|x′ − x′0|2 + t2)
ε
2 +Bε
t2
(|x′ − x′0|2 + t2)1−
ε
2
.
Then,
wn = c1(x
′
0) +D,
and we need to prove
(3.7) H
√
1 + |Dw|2 ≤ c1(x′0) + |H|D + Ct+CBεtε +C|x′ − x′0|.
Case 1. We assume H(x′, t) ≥ 0. Note
1 + |Dw|2 ≤ 1 + |Dx′ϕ|2 + c21(x′0) +D2 + 2Dc1(x′0) + CBεtε
≤ 1 + |Dx′ϕ|2 + c21(x′) + C|x′ − x′0|+ 2
√
1 + |Dx′ϕ|2
1−H20
(x′0)D +D
2 + CBεtε.
By (2.3), we have
1 + |Dx′ϕ|2 + c21 =
1 + |Dx′ϕ|2
1−H20
,
and
|c1(x′0)| = |H0(x′0)|
√
1 + |Dx′ϕ|2
1−H20
(x′0) <
√
1 + |Dx′ϕ|2
1−H20
(x′0).
Then,
1 + |Dw|2 ≤
(√
1 + |Dx′ϕ|2
1−H20
(x′0) +D + C|x′ − x′0|+ CBεtε
)2
,
and hence
√
1 + |Dw|2 ≤
√
1 + |Dx′ϕ|2
1−H20
(x′0) +D + C|x′ − x′0|+ CBεtε.
We now multiply by H and write H in the first term in the right-hand side as
H = H0(x
′
0) + (H −H0(x′0)).
We have (3.7) by adjusting C.
Case 2. Assume H(x′, t) < 0. Set H = −H˜. We need to prove
−c1(x′0)− H˜D ≤ H˜
√
1 + |Dw|2 + C|x′ − x′0|+ CBεtε + Ct.
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Similarly as in Case 1, we have
1 + |Dw|2 ≥ 1 + |Dx′ϕ|2 + c21(x′)− C|x′ − x′0|+ 2c1(x′0)D +D2 − CBεtε
≥ 1 + |Dx′ϕ|
2
1−H20
(x′0)− 2|H0(x′0)|
√
1 + |Dx′ϕ|2
1−H20
(x′0)D
+D2 − C|x′ − x′0| − CBεtε.
Write
−|H0(x′0)| = −1 + (1− |H0(x′0)|),
and note
(1− |H0(x′0)|)
√
1 + |Dx′ϕ|2
1−H20
(x′0) ≥ (1− |H|L∞).
Hence,
1 + |Dw|2 ≥
(√
1 + |Dx′ϕ|2
1−H20
(x′0)−D
)2
+ (1− |H|L∞)D − C|x′ − x′0| − CBεtε.
By
D ≥ B(|x′ − x′0|2 + t2)
ε
2 ,
and choosing ε small and B large such that
Cε <
1
2
(1 − |H|L∞),
C <
1
2
B(1− |H|L∞),
(3.8)
we have √
1 + |Dw|2 ≥
√
1 + |Dx′ϕ|2
1−H20
(x′0)−D.
We now multiply by H˜ = H˜ +H(x′0, 0) −H(x′0, 0). Then
−c1(x′0)− H˜D − Ct− C|x′ − x′0| ≤ H˜
√
1 + |Dw|2.
We have (3.7) by (2.3) and by adjusting C.
By combining (3.5) and (3.6), we obtain
tQ(w) ≤ Ct+ CBεtε +C|x′ − x′0| − n(1− |H|)B(|x′ − x′0|2 + t2)
ε
2
+ (1 + ε)Atε(ε− n(1− |H|)).
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Requiring δ0, ε small and B large such that
δ0 ≪ 1,
Cε <
1
4
n(1− |H|L∞),
C <
1
4
Bn(1− |H|L∞),
ε <
1
2
n(1− |H|L∞),
(3.9)
then we have tQ(w) ≤ 0.
In conclusion, we choose ε,B, δ0, A, successively such that they satisfy (3.3), (3.4),
(3.8) and (3.9). We now apply the maximum principle to conclude
u ≤ w in B′r0(x′0)× (0, δ0).
For the lower bound, we set
w(x′, t) = ϕ(x′) + c1(x′0)t−At1+ε −B(|x′ − x′0|2 + t2)
ε
2 t,
and proceed similarly. Then,
u ≥ w in B′r0(x′0)× (0, δ0).
Hence,
|u− ϕ− c1(x′0)t| ≤ At1+ε +B(|x′ − x′0|2 + t2)
ε
2 t.
By taking x′ = x′0, we obtain the desired result. 
We now improve Lemma 3.2 under the same assumption.
Lemma 3.3. Assume ϕ ∈ C2(B′1) and H ∈ C1(B¯+1 ), with |H| < 1 in B¯+1 . Let u ∈
C(B¯+1 )
⋂
C2(B+1 ) be a solution of (1.1)-(1.2). Then, for any (x
′, t) ∈ B′r1 × (0, δ1),
|u− ϕ− c1t| ≤ Ct2,
where c1 is given by (2.3), and r1, δ1 and C are positive constants depending only on n,
|ϕ|C2(B′
3/4
), |u|L∞(B+
1
) and |H|C1(B+
1
).
Proof. Take any x′0 ∈ B′r1 and let r1, δ1 be small positive constants to be determined.
Set
D = B′r1(x
′
0)× (0, δ1).
Take ε as in Lemma 3.2. Set
r1 = δ
1+ε
2
1 ,(3.10)
and take δ1 small so that r1 < 1/16. Set
v(x′, t) = ϕ(x′) + c1(x′0)t,
φ(x′, t) = At2 +Bt(t2 + |x′ − x′0|2)
1
2 ,
and
w = v + φ.
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We will prove u ≤ w in D.
Consider on ∂D. Obviously, w(x′, 0) = ϕ(x′) = u(x′, 0). Since c1 is C1 in x′, we have
w(x′, t) ≥ ϕ(x′) + c1(x′)t− C|x′ − x′0|t+At2 +B|x′ − x′0|t.
By requiring B large such that
B > 2C,(3.11)
we have
w(x′, t) ≥ ϕ(x′) + c1(x′)t+At2 + B
2
|x′ − x′0|t.
Therefore,
w(x′, δ1) ≥ ϕ(x′) + c1(x′)δ1 +Aδ21 ≥ u(x′, δ1),(3.12)
if Aδ21 ≥ C0δ1+ε1 , where C0 is as in (3.2). Set A˜ to be determined and require
A˜ > C0.(3.13)
Take A = A˜δ
−(1−ε)
1 . Then, (3.12) holds. On ∂B
′
r1(x
′
0)× (0, δ1),
w(x′, t) ≥ ϕ(x′) + c1(x′)t+ 1
2
Br1t ≥ u(x′, t),(3.14)
if Br1t/2 ≥ C0t1+ε, by (3.2). Using (3.10), we require
B ≥ 2C0δ−
1−ε
2
1 ,(3.15)
so that (3.14) holds. Set B˜ to be determined and require
B˜ > 2C0 + 2C.(3.16)
Take B = B˜δ
− 1−ε
2
1 . Then, (3.11) and (3.15) are satisfied. In fact, by taking
A˜ = B˜,
we have (3.11), (3.13) and (3.15). Now B = A˜δ
− 1−ε
2
1 and A˜ is a large positive constant
to be determined. Hence,
B
A
= δ
1−ε
2
1(3.17)
is small when δ1 is small.
Next, we calculate tQ(w). We write
(3.18) tQ(w) = tQ(v) +D1 +D2,
where
D1 = t
(
∆φ− (vi + φi)(vj + φj)
1 + |D(v + φ)2| φij −
[
(vi + φi)(vj + φj)
1 + |D(v + φ)|2 −
vivj
1 + |Dv|2
]
vij
)
,
and
D2 = −n∂nφ+ nH
(√
1 + |D(v + φ)|2 −
√
1 + |Dv|2).
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By the choice of c1, a simple calculation yields
tQ(v) ≤ C(t+ |x′ − x′0|).(3.19)
A straightforward calculation yields, for a, b 6= n.
∂aφ =
Bt(xa − x0a)
(t2 + |x′ − x′0|2)
1
2
,
∂nφ = 2At+B(t
2 + |x′ − x′0|2)
1
2 +
Bt2
(t2 + |x′ − x′0|2)
1
2
,
and
t∂abφ =
Bδabt
2
(t2 + |x′ − x′0|2)
1
2
− Bt
2(xa − x0a)(xb − x0b)
(t2 + |x′ − x′0|2)
3
2
,
t∂anφ =
Bt(xa − x0a)
(t2 + |x′ − x′0|2)
1
2
− Bt
3(xa − x0a)
(t2 + |x′ − x′0|2)
3
2
,
t∂nnφ = 2At+
3Bt2
(t2 + |x′ − x′0|2)
1
2
− Bt
4
(t2 + |x′ − x′0|2)
3
2
.
Hence, we have
|∂aφ| ≤ A˜δ
1
2
+ ε
2
1 ,(3.20)
and
|∂nφ| ≤ 4A˜δ
1
2
+ ε
2
1 + 2A˜δ
ε
1.(3.21)
Let
A˜ = δ
− ε
2
1 .
In the following, we always assume δ1 is small. Then, (3.13) and (3.16) are satisfied and
|Dφ| ≤ Cδ
ε
2
1 ≪ 1.(3.22)
By the Taylor expansion, we have√
1 + |D(v + φ)|2 −
√
1 + |Dv|2 = Dv ·Dφ+ |Dφ|
2/2√
1 + |Dv|2 +O
(
(Dv ·Dφ+ |Dφ|2)2
(1 + |Dv|2)3/2
)
.
Note
1 + |Dv|2 = 1 + |Dx′ϕ|2 + c21(x′0) =
1 + |Dx′ϕ|2
1−H20
(x′0) +O(|x′ − x′0|).
Hence,
∂nv∂nφ√
1 + |Dv|2 = ∂nφH0(x
′
0) +O(|∂nφ||x′ − x′0|).
Therefore, √
1 + |D(v + φ)|2 −
√
1 + |Dv|2
= ∂nφH0(x
′
0) +O(|Dx′φ|) +O(|∂nφ||x′ − x′0) +O(|Dφ|2).
(3.23)
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We also have
1− (vn + φn)
2
1 + |D(v + φ)|2 =
1 + |Dx′ϕ|2(x′)
1 + |Dx′ϕ|2(x′) + c21(x′0)
+O(|Dφ|)
= 1−H20 (x′) +O(|Dφ|+ |x′ − x′0|),
(3.24)
Note vij 6= 0 only if i, j 6= n. By (3.24) and |Daiφ| ≤ 2B, we have
D1 ≤ 2At
(
1−H20 (x′0) + C|Dφ|+C|x′ − x′0|
)
+ CBt.
By (3.23), we get
D2 ≤ −n∂nφ
(
1−HH0(x′0)− (C|x′ − x′0|+ C|Dφ|)
)
≤ −n(2At+B(t2 + |x′ − x′0|2)
1
2
+
Bt2
(t2 + |x′ − x′0|2)
1
2
(
1−H20 (x′0)− (C|x′ − x′0|+ Ct+ C|Dφ|)
)
≤ 2At(− n(1−H20 (x′0)) + C|x′ − x′0|+ Ct+ C|Dφ|)
+B(t2 + |x′ − x′0|2)
1
2
(− n(1−H20 (x′0)) +C|x′ − x′0|+ Ct+ C|Dφ|).
Then, we have
D1 +D2 ≤ 2At{(1 −H20 (x′0))(1 − n) + C|Dφ|+ C|x′ − x′0|+ Ct}
+B|x′ − x′0|
(− n
2
(1−H20 (x′0))
)
+ CBt.
Choose δ1 small. Then by definitions of A,B and (3.10), (3.22), (3.19) and (3.17), we
have
tQ(w) ≤ 2At((1−H20 (x′0))(1 − n) + Cδ ε21 )+B|x′ − x′0|(− n2 (1−H20 (x′0)) + Cδ 1−ε21 )
≤ 2At((1− |H|L∞)(1− n) + Cδ ε21 )+B|x′ − x′0|(− n2 (1− |H|2L∞) + Cδ 1−ε21 ).
Then we have, for small δ,
Q(w) = Q(v + φ) ≤ 0 in D.
By the maximum principle, we get
u ≤ v + φ ≤ ϕ(x′) + c1(x′0)t+At2 +B(t2 + |x′ − x′0|2)
1
2 t.
For the lower bound, we consider v − φ and, by proceeding similarly, we get
u ≥ ϕ(x′) + c1(x′0)t−At2 −B(t2 + |x′ − x′0|2)
1
2 t.
By taking x′ = x′0, we have the desired result. 
Next, we prove an estimate for an expansion of solutions involving all the local terms
by the maximum principle. The proof is similar to that of Lemma 3.3.
16 QING HAN AND YUE WANG
Theorem 3.4. Assume ϕ ∈ Cn+3(B′1) and H ∈ Cn+2(B¯+1 ), with |H| < 1 in B¯+1 . Let
u ∈ C(B¯+1 )
⋂
Cn+3(B+1 ) be a solution of (1.1)-(1.2). Then, for any (x
′, t) ∈ B′1/16×(0, δ),
|u− ϕ− c1t− c2t2 − · · · − cntn − cn+1,1tn+1 log t| ≤ Ctn+1,(3.25)
where c1, · · · , cn and cn+1,1 are functions in B′1 as given in Lemma 2.1, and δ and C are
positive constants depending only on n, |ϕ|Cn+3(B′
1
), |u|L∞(B+
1
) and |H|Cn+2(B+
1
).
Proof. Take any x′0 ∈ B′1/16 and δ a small positive constant to be determined. Consider
in D = B′√
δ
(x′0)× (0, δ). Set
v(x′, t) = c0(x′) + c1(x′)t+ c2(x′)t2 + · · ·+ cn(x′)tn + cn+1,1(x′)tn+1 log t,
and
φ(x′, t) = A(|x′ − x′0|2 + t)n+1 −A(|x′ − x′0|2 + t)q.
We will prove u ≤ v + φ.
For convenience, we write
f = |x′ − x′0|2 + t.
Hence, φ = Afn+1 − Af q and f ≤ 2δ in D. A straightforward calculation yields, for
a, b 6= n,
∂aφ = 2(n + 1)Af
n(x′a − x′0a)− 2qAf q−1(x′a − x′0a),
∂nφ = (n+ 1)Af
n − qAf q−1,
and
∂abφ = 4n(n+ 1)Af
n−1(x′a − x′0a)(x′b − x′0b) + 2(n + 1)Afnδab
− 4q(q − 1)Af q−2(x′a − x′0a)(x′b − x′0b)− 2qAf q−1δab,
∂anφ = 2(n+ 1)nAf
n−1(x′a − x′0a)− 2q(q − 1)Af q−2(x′a − x′0a),
∂nnφ = (n+ 1)nAf
n−1 − q(q − 1)Af q−2.
Let ε be the constant in Lemma 3.2. Choose q such that
n+ 1 < q < n+ 1 +min
{
1/2, ε
}
.(3.26)
We first note
u ≤ v + φ on ∂D.
This is obviously true on t = 0. For other parts of ∂D, by Lemma 3.2, we need to require
C
δn−ε
= A,
where C is a constant depending only on n, |ϕ|Cn+1(B+
1
), |u|L∞(B+
1
) and |H|Cn(B+
1
). We
also have
|Dφ| ≤ CAfn ≤ C f
n
δn−ε
≤ Cf ε.(3.27)
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Then,
1 + |D(v + φ)|2 = 1 + |Dv|2 + 2Dv ·Dφ+ |Dφ|2
= 1 + |Dv|2 +O(Afn)
= 1 + c21 + |Dx′c0|2 +O(xn) +O(Afn)
= 1 + c21 + |Dx′c0|2 +O(f ǫ).
(3.28)
Next, we write
(3.29) tQ(v + φ) = tQ(v) +D1 +D2,
where
D1 = t
(
∆φ− (vi + φi)(vj + φj)
1 + |D(v + φ)2| φij −
[
(vi + φi)(vj + φj)
1 + |D(v + φ)|2 −
vivj
1 + |Dv|2
]
vij
)
,
and
D2 = −n∂nφ+ nH
(√
1 + |D(v + φ)|2 −
√
1 + |Dv|2).
By Lemma 2.1, we have
(3.30) |tQ(v)| ≤ Ctn+1 log t−1 ≤ Ctn+ 12 .
We need to estimate terms in tQ(v + φ) involving A. We consider D1 first. By (3.27),
each Dφ has the order of Afn, which is also bounded by f ε by the choice of A. Then,∣∣∣∣(vi + φi)(vj + φj)1 + |D(v + φ)|2 − vivj1 + |Dv|2
∣∣∣∣ ≤ CAfn.
Next, for the second derivatives of φ, we first have
|∂anφ|+ |∂abφ| ≤ CA(fn + fn−1|x′|) ≤ CAfn−
1
2 .
The coefficient of ∂nnφ is given by
1− (vn + φn)
2
1 + |D(v + φ)|2 = 1−
c21 +O(t) +O(Af
n)
1 + c21 + |Dx′c0|2 +O(t) +O(Afn)
= 1−H20 +O(f ε),
where we used (2.3). Therefore,
D1 ≤ t
[(
1−H20 +Cf ε
)(
(n+ 1)nAfn−1 − q(q − 1)Af q−2)+ CAfn− 12 ],
and hence
D1 ≤ t(1−H20 )
[
(n + 1)nAfn−1 − q(q − 1)Af q−2]+ CAfn+ 12 +CAfn+ε.
By t = f − |x′ − x′0|2, we have
D1 ≤ (1−H20 )
[
(n+ 1)nAfn − q(q − 1)Af q−1]+ CAfn+ 12 + CAfn+ε
− (1−H20 )Afn−1
[
n(n+ 1)− q(q − 1)f q−n−1]|x′ − x′0|2.
As long as f is small, we obtain
(3.31) D1 ≤ (1−H20 )
[
(n+ 1)nAfn − q(q − 1)Af q−1]+ CAfn+ 12 + CAfn+ε.
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Next, we discuss D2. By writing
1 + |D(v + φ)|2 = 1 + |Dv|2 + 2Dv ·Dφ+ |Dφ|2,
we have√
1 + |D(v + φ)|2 =
√
1 + |Dv|2 + Dv ·Dφ+ |Dφ|
2/2√
1 + |Dv|2 +O
(
(Dv ·Dφ+ |Dφ|2)2
(1 + |Dv|2)3/2
)
.
Note Dx′φ = O(Af
n|x′|) and |Dφ|2 = O(Afn+ε). Then,√
1 + |D(v + φ)|2 =
√
1 + |Dv|2 + c1∂nφ√
1 + |Dv|2 +O(Af
n+ε) +O(Afn+
1
2 ).
Hence,
D2 = −n∂nφ
(
1− Hc1√
1 + |Dv|2
)
+O(Afn+ε) +O(Afn+
1
2 ).
By 1 + |Dv|2 = 1 + |Dx′c0|2 + c21 +O(t) and (2.3), we have
D2 ≤ −n
(
1−H20 + Ct
)(
(n+ 1)Afn − qAf q−1)+ CAfn+ε + CAfn+ 12 ,
and hence
(3.32) D2 ≤ −n(1−H20 )
[
(n+ 1)Afn − qAf q−1]+ CAfn+ε + CAfn+ 12 .
By combining (3.31) and (3.32), we obtain
D1 +D2 ≤ −q(q − n− 1)(1 −H20 )Af q−1 + CAfn+ε + CAfn+
1
2 ,
and hence, with the help of (3.29) and (3.30),
tQ(v + φ) ≤ −q(q − n− 1)(1 −H20 )Af q−1 + CAfn+ε + CAfn+
1
2 .
By the choice of q in (3.26), we have, for small δ,
Q(v + φ) ≤ 0 in D.
By the maximum principle, we have
u ≤ v + φ ≤ ϕ(x′) + c1(x′)t+ c2(x′)t2 + · · ·+ cn(x′)tn
+ cn+1,1(x
′)tn+1 log t+A(|x′ − x′0|2 + t)n+1.
For the lower bound, we consider v − φ and, by proceeding similarly, we get
u ≥ ϕ(x′) + c1(x′)t+ c2(x′)t2 + · · ·+ cn(x′)tn
+ cn+1,1(x
′)tn+1 log t−A(|x′ − x′0|2 + t)n+1.
By taking x′ = x′0, we have the desired result. 
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4. The Tangential Regularity
In the present section, we study the regularity along tangential directions.
Let u ∈ C(B¯+1 )
⋂
C2(B+1 ) be a solution of (1.1) and (1.2). Set
(4.1) v(x′, t) = u(x′, t)− ϕ(x′)− c1(x′)t,
where c1 is given by (2.3). We write (1.1) as
(4.2) Aij(Du)uij − n
t
(un −H
√
1 + |Du|2) = 0 in B+1 ,
where
Aij(p) = δij − pipj
1 + |p|2 .
In particular,
Ann =
1 + |Dx′v +Dx′ϕ+Dx′c1t|2
1 + |Dx′v +Dx′ϕ+Dx′c1t|2 + (vn + c1)2
.(4.3)
These expressions will be needed later on.
It is natural to write an equation for v. However, there are drawbacks using the
equation for v directly. We note that the regularity of v is one degree worse than that
of ϕ by the expression of c1 in (2.3). If ϕ is C
2, then v is only C1 and hence there is
no equation for v. Second, even if ϕ is at least C3 and we can write an equation for v,
the derivatives of c1 result in expressions with worse regularity in this equation. In this
way, we are unable to get optimal estimate for u or v. In the following, we will modify
the definition of v in (4.1) and, instead of the function c1(x
′), we use its value c1(x′0) at
some point x′0. Similar methods were used in the proof of Lemma 3.2 and Lemma 3.3.
We first prove a gradient estimate under the assumptions of Lemma 3.3.
Lemma 4.1. Assume ϕ ∈ C2(B′1) and H ∈ C1(B¯+1 ), with |H| < 1 in B¯+1 . Let u ∈
C(B¯+1 )
⋂
C2(B+1 ) be a solution of (1.1)-(1.2) and v be defined as in (4.1). Then, there
exists a constant r ∈ (0, 1), such that for any (x′, t) ∈ B′r × (0, r),
|Dv| ≤ Ct,(4.4)
where r and C are positive constants depending only on n, |ϕ|C2(B′
3/4
), |u|L∞(B+
1
), and
|H|C1(B+
1
). Moreover, u ∈ C1,β(B¯′r × [0, r]), for any β ∈ (0, 1), and v ∈ C1(B¯′r × [0, r]).
In addition, if ϕ ∈ C2,α(B¯′1) and H ∈ C1,α(B¯′1) for some α ∈ (0, 1), then v ∈ C1,α(B¯′r ×
[0, r]).
Proof. Take any (x′0, t0) ∈ B′r× (0, r) for some positive r < 12 min{r1, δ1} and set t0 = 2δ.
Without loss of generality, we assume ϕ(x′0) = 0. Then, by Lemma 3.3,
|u| ≤ |v|+ |ϕ− ϕ(x′0)|+ |ϕ(x′0)|+ |c1t| ≤ C(t+ |x′ − x′0|),(4.5)
where C is a positive constant depending only on C0, |ϕ|C1 and |H|L∞ . With en = (0, 1),
consider the transform T : B1(en)→ B′2r × (0, 2r), given by
x′ = x′0 + δz
′, t = δ(s + 1).
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Set
(4.6) v˜(x′, t) = u(x′, t)− ϕ(x′)− c1(x′0)t,
and
v˜δ(z′, s) = δ−1v˜(x′, t), uδ(z′, s) = δ−1u(x′, t).
We emphasize that v˜ here is not the function v defined in (4.1). Then,
|v˜δ|L∞(B1(en)) ≤ δ−1(Ct2 + C|x′ − x′0|t) ≤ Cδ,(4.7)
and, by (4.5),
|uδ|L∞(B1(en)) ≤ C.
Here and hereafter, the constant C is independent of δ. Note, in B1(en),
∆uδ − ∂iu
δ∂ju
δ
1 + |Duδ|2 ∂iju
δ − n
s+ 1
[
∂nu
δ −H(x′0 + δz′, δ(s + 1))
√
1 + |Duδ|2] = 0.(4.8)
This is a mean curvature type equation. The interior gradient estimate implies
|Duδ|L∞(B7/8(en)) ≤ C.(4.9)
(See [11] or [13] for details.) Then, (4.8) is uniformly elliptic in B7/8(en). We now write
(4.8) as
∂i
(
∂iu
δ√
1 + |Duδ|2
)
− n
(s+ 1)
√
1 + |Duδ|2 ∂nu
δ +
n
s+ 1
H(x′0 + δz
′, δ(s + 1)) = 0.
Fixing 1 ≤ k ≤ n and differentiating with respect to zk, we have
∂i
((
δij − ∂iu
δ∂ju
δ√
1 + |Duδ|2
)
∂j(∂ku
δ)
)
− n
(s+ 1)
√
1 + |Duδ|2 ∂n(∂ku
δ)
+
n∂iu
δ∂nu
δ
(s+ 1)(1 + |Duδ|2)3/2 ∂i(∂ku
δ) +
n
s+ 1
∂kH = 0.
Hence, ∂ku
δ is a solution of some uniformly elliptic linear equation of divergence form
in B7/8(en), with bounded coefficients and bounded nonhomogenuous term by (4.9).
Therefore, by interior estimates due to de Giorgi and Moser as in [11], for some α ∈ (0, 1),
|Duδ|Cα(B3/4(en)) ≤ C,(4.10)
where C is a positive constant depending only on n, |ϕ|C2 , |H|C1 and |Duδ|L∞(B7/8(en)),
independent of δ. We can now apply interior C1,α-estimates to (4.8) and obtain (4.10)
for any α ∈ (0, 1).
A simple calculation yields, for a 6= n,
∂av˜
δ = ∂au
δ − ∂aϕ(x′),
∂nv˜
δ = ∂nu
δ − c1(x′0),
∂ij v˜
δ = ∂iju
δ − δ∂ijϕ(x′).
(4.11)
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We now substitute (4.11) in (4.8). First, we consider
∂nu
δ −H(x′0 + δz′, δ(s + 1))
√
1 + |Duδ|2 = ∂nv˜δ +D1 +D2 +H(x′0, 0)D3,
where
D1 = c1(x
′
0)−H(x′0, 0)
√
1 + |∂nuδ|2 + |Dx′ v˜δ |2 + |Dx′ϕ|2(x′0) + 2Dx′ v˜δDx′ϕ(x′0),
D2 =
(
H(x′0, 0) −H(x′0 + δz′, δ(s + 1))
)√
1 + |Duδ|2,
D3 =
√
1 + |∂nuδ|2 + |Dx′ v˜δ|2 + |Dx′ϕ|2(x′0) + 2Dx′ v˜δDx′ϕ(x′0)
−
√
1 + |∂nuδ|2 + |Dx′ v˜δ|2 + |Dx′ϕ|2(x′) + 2Dx′ v˜δDx′ϕ(x′).
Set
h = (∂nv˜
δ)2 + 2∂nv˜
δc1(x
′
0) + |Dx′ v˜δ|2 + 2Dx′ v˜δDx′ϕ(x′0),
and
ha = − ∂av˜ + 2∂aϕ(x
′
0)
2(1 + |Dx′ϕ|2(x′0) + c21(x′0))
,
hn = − ∂nv˜ + 2c1(x
′
0)
2(1 + |Dx′ϕ|2(x′0) + c21(x′0))
.
Then,
D1 = c1(x
′
0)
(
1−
√
1 +
h
1 + |Dx′ϕ|2(x′0) + c21(x′0)
)
= c1(x
′
0)
∫ 1
0
[
1 +
sh
1 + |Dx′ϕ|2(x′0) + c21(x′0)
]−1/2
ds · hi∂iv˜.
Note r is small and, by (4.11) and (4.9),
1 +
sh
1 + |Dx′ϕ|2(x′0) + c21(x′0)
= (1− s) + s(1 + h
1 + |Dx′ϕ|2(x′0) + c21(x′0)
)
≥ (1− s) + s1 + |Du
δ(x′, t)|2 − C|x′ − x′0|
1 + |Dx′ϕ|2(x′0) + c21(x′0)
,
where C is a positive constant depending only on |Duδ|L∞(B7/8(en)), |ϕ|C2 , |H|C1 and n.
By (4.10), (4.11) and (4.9), we obtain
c1(x
′
0)
∫ 1
0
[
1 +
sh
1 + |Dx′ϕ|2(x′0) + c21(x′0)
]−1/2
ds · hi ∈ Cα(B3/4(en)),
and
|D2| ≤ Cδ, |D3| ≤ C|x′ − x′0| ≤ Cδ.
Hence, (4.2) has the form
Aij(Du
δ)∂ij v˜
δ + bδi (z
′, s)∂iv˜δ + δf δ(z′, s) = 0 in B3/4(en),
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where (Aij) is uniformly elliptic by (4.9) and b
δ
i and f
δ are bounded by constants depend-
ing only on n, |ϕ|C2 , |u|L∞ and |H|C1 . By (4.7), (4.10) and the interior C1,β-estimates,
we get, for any β ∈ (0, 1),
|v˜δ |C1,β(B1/2(en)) ≤ C(|v˜δ|L∞(B3/4(en)) + δ|f δ|L∞(B3/4(en))) ≤ Cδ,
where C is positive constant independent of δ. Scaling back, we get for i = 1, · · · , n,∣∣∣∣Dv˜t (x′0, t0)
∣∣∣∣ = ∣∣∣∣ Dv˜δδ(s + 1)(en)
∣∣∣∣ ≤ C.
Hence, for any t ∈ (0, r),
|Dv˜(x′0, t)| ≤ Ct,
and
[∂iv˜]Cβ(Bt/4(x′0,t)) ≤ C,
where C is a positive constant depending only on n, |u|L∞ , |ϕ|C2 and |H|C1 .
Recall that v˜ is defined in (4.6). Next, we claim, for any β ∈ (0, 1),
v˜ ∈ C1,β(B¯′r × [0, r]).
Take an arbitrarily fixed (x′1, t) ∈ B′r × (0, r) and set
v̂(x′, t) = u(x′, t)− ϕ(x′)− c1(x′1)t.
Then,
∂av̂(x
′, t) = ∂av˜(x′, t),
∂nv̂(x
′, t) = ∂nv˜(x′, t) + c1(x′0)− c1(x′1).
Therefore, for i = 1, · · · , n,
[∂iv˜]Cβ(Bt/4(x′1,t)) = [∂iv̂]Cβ(Bt/4(x′1,t)) ≤ C,
|∂av˜(x′1, t)| = |∂av̂(x′1, t)| ≤ Ct,
|∂nv˜(x′1, t)− (c1(x′1)− c1(x′0))| = |∂nv̂(x′1, t)| ≤ Ct,
where C is independent of x′1. Since the choice of x
′
1 is arbitrary, we have, for any
(x′, t) ∈ B′r × (0, r),
[∂iv˜]Cβ(Bt/4(x′,t)) ≤ C,
|∂av˜(x′, t)| ≤ Ct,
|∂nv˜(x′, t)− (c1(x′)− c1(x′0))| ≤ Ct.
Note c1− c1(x′0) ∈ C1(B′1). Then, the claim holds. Hence, by the definition of v˜, we have
u ∈ C1,β(B¯′r × [0, r]), for any β ∈ (0, 1).
Now we compare Dv and Dv˜. Note
∂av = ∂av˜ − ∂ac1(x′)t,
∂nv = ∂nv˜ + c1(x
′
0)− c1(x′).
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Therefore, if ϕ ∈ C2(B′1) and H ∈ C1(B¯+1 ), then v ∈ C1(B¯′r × [0, r]); if ϕ ∈ C2,α(B′1)
and H ∈ C1,α(B¯+1 ) for some α ∈ (0, 1), then v ∈ C1,α(B¯′r × [0, r]). Moreover,
|Dv −Dv˜| ≤ Ct+ C|x′ − x′0|.
Evaluating at x′ = x′0, we have |Dv(x′0, t)| ≤ Ct. Note that x′0 is chosen arbitrarily. 
We now discuss higher tangential regularity of v.
Theorem 4.2. Assume ϕ ∈ C2,α(B′1) and H ∈ C1,α(B¯+1 ), with |H| < 1 in B¯+1 , for some
α ∈ (0, 1). Let u ∈ C(B¯+1 )
⋂
C2,α(B+1 ) be a solution of (1.1)-(1.2) and v be defined as
in (4.1). Then, there exists a constant r ∈ (0, 1) such that
v
t2
,
Dv
t
,D2(u− ϕ) ∈ Cα(B¯′r × [0, r]),(4.12)
and
v
t
,
v2
t3
,
vvt
t2
,
v2t
t
∈ C1,α(B¯′r × [0, r]).(4.13)
Proof. Note that (4.13) follows from (4.12) easily. Take any x′0 ∈ B′r, for some small r,
and consider in B′r(x′0)× (0, r). Set
(4.14) v˜(x′, t) = u(x′, t)− ϕ(x′)− c1(x′0)t−Dx′c1(x′0)(x′ − x′0)t,
and
(4.15) h(x′) = c1(x′)− c1(x′0)−Dx′c1(x′0)(x′ − x′0).
Then, for a, b 6= n,
∂nv˜ = ∂nu− c1(x′) + h(x′),
∂av˜ = ∂au− ∂aϕ− ∂ac1(x′0)t,
and
∂abv˜ = ∂abu− ∂abϕ,
∂anv˜ = ∂anu− ∂ac1(x′0),
∂nnv˜ = ∂nnu.
By a simple substitution in (4.2) and a straightforward calculation, we have
Aij∂ij v˜ +
bi
t
∂iv˜ + f + h˜ = 0,(4.16)
where, for a 6= n,
ba = ng
[
∂av˜ + 2(∂aϕ+ ∂ac1(x
′
0)t)
]
,
bn = −n+ ng
[
∂nv˜ + 2(c1(x
′)− h(x′))],
f = Aab∂abϕ+ 2Aan∂ac1(x
′
0) + ng
[|Dx′c1|2(x′0) · t+ 2Dx′ϕ(x′)Dx′c1(x′0)]
+
n
t
(H −H0)
√
1 + [∂nv˜ + c1(x′)− h(x′)]2 + |∇x′(v˜ + ϕ) +∇x′c1(x′0)t|2,
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and
h˜ =
n
t
h(x′)ĥ,
ĥ = 1 + g(h(x′)− 2c1(x′)),
with
g = c1(x
′)
∫ 1
0
1
2[1 + |Dx′ϕ|2 + c21(x′)]
√
1 + sw[1 + |Dx′ϕ|2 + c21(x′)]−1
ds,
w =
[|Dx′c1|2(x′0) · t+ 2Dx′ϕ(x′)Dx′c1(x′0)]t+ h(x′)[h(x′)− 2c1(x′)]
+
∑
a
∂av˜
[
∂av˜ + 2(∂aϕ+ ∂ac1(x
′
0)t)
]
+ ∂nv˜
[
∂nv˜ + 2(c1(x
′)− h(x′))].
The definition of h in (4.15) implies h ∈ C1,α(B¯′1/2) and
|h(x′)| ≤ C|x′ − x′0|1+α.
By Lemma 4.1, we have Aij , bi, f, ĥ ∈ Cα(B¯′r0 × [0, r0]), for some small r0. Here we point
out nt (H −H0) ∈ Cα(B¯′r0 × [0, r0]) can be easily derived from H ∈ C1,α(B¯+1 ). Hence,
|bn(x′, 0)− bn(x′0, 0)| ≤ C|x′ − x′0|α,
|h˜(x′, t)| ≤ C
t
|x′ − x′0|1+α.
(4.17)
By Lemma 4.1, Dv = 0 on {t = 0}. Hence, with (4.3), we have
Ann(x
′, 0) = 1−H20 (x′),
bn(x
′
0, 0) = −n(1−H20 (x′0)).
(4.18)
Then, for sufficiently small constants r and ε0, we have, in B
′
r × (0, r),
(1 + α)Ann + bn ≤ −b0,
3Ann + bn
(
1 +
1− ε0
1 + α
)
≤ −b0,
(4.19)
for some positive constant b0.
We claim, for some c2 ∈ Cα(B¯′r) and any (x′, t) ∈ B′r × (0, r),
|v(x′, t)− c2(x′)t2| ≤ Ct2+α.(4.20)
The expression of c2 will be given in the proof below. We point out that since c2 is only
Cα, we cannot differentiate c2. Set
L(w) = Aij∂ijw +
bi
t
∂iw,
Q(w) = L(w) + f + h˜,
where Aij , bi, f and h˜ are evaluated at x and Dv. By (4.16), we have Q(v˜) = 0. Without
loss of generality, we assume x′0 = 0. Set
ψ = µ1t(µ3|x′|2 + t2)
α+1
2 + µ2t
2+α,
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and
v = c2(0)t
2 + ψ,
where µ1, µ2, µ3 and c2(0) are constants to be determined. We will choose µ1 and µ2
large and µ3 small. Then,
Q(v) = L(ψ) + f + h˜+ 2(Ann + bn)c2(0).(4.21)
Set
c2(0) = − f
2(Ann + bn)
(0).(4.22)
A straightforward calculation yields
L(ψ) = µ1t(µ3|x′|2 + t2)
α−1
2 (α+ 1)
[
3Ann + bn
(
1 +
1
α+ 1
µ3|x′|2 + t2
t2
)
+ µ3(2Aan + ba)
xa
t
+ µ3δab +
α− 1
µ3|x′|2 + t2 [Annt
2 + 2µ3Aanxat+ µ
2
3Aabxaxb]
]
+ µ2t
α[(α + 1)(α+ 2)Ann + (α+ 2)bn].
In the above expression, we write
1
α+ 1
=
1− ε0
α+ 1
+
ε0
α+ 1
,
for some ε0 in (4.19). Note that
|Ann(x′, t)| ≤ 1,
and all Aij and bi are bounded. By (4.17), (4.18), (4.19) and the Cauchy inequality, we
have
L(ψ) ≤ µ1t(µ3|x′|2 + t2)
α−1
2 (α + 1)
[
− b0 + C√µ3 + (1− α)t
2
µ3|x′|2 + t2
]
− b0µ2tα − a0µ1 1
t
(µ3|x′|2 + t2)
α+1
2 ,
where a0 is a positive constant independent of µ3. We first fix µ3 such that C
√
µ3 ≤ b0/4.
Next, take M > 0 to be determined. For any (x′, t) ∈ B′r × (0, r) with |x′| ≥ Mt, we
have
L(ψ) ≤ µ1t(µ3|x′|2 + t2)
α−1
2 (α+ 1)
[
− 3
4
b0 +
1− α
µ3M2 + 1
]
− 1
t
a0µ1(µ3|x′|2 + t2)
α+1
2 .
Hence, for M sufficiently large, we have, for any (x′, t) ∈ B′r × (0, r) with |x′| ≥Mt,
L(ψ) ≤ −b0
2
µ1t(µ3|x′|2 + t2)
α−1
2 (α+ 1)− 1
t
a0µ1µ
α+1
2
3 (|x′|2 + t2)
α+1
2 .(4.23)
On the other hand, we have, for any (x′, t) ∈ B′r × (0, r) with |x′| ≤Mt,
L(ψ) ≤ µ1tα(µ3M2 + 1)
α−1
2 (α+ 1)(1 − α)− b0µ2tα − 1
t
a0µ1(µ3|x′|2 + t2)
α+1
2 ,
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Hence, for each µ1, we can choose µ2 as a big multiple of µ1 and obtain, for any (x
′, t) ∈
B′r × (0, r) with |x′| ≤Mt,
L(ψ) ≤ −Bb0µ1(|x′|2 + t2)
α
2 − 1
t
a0µ1µ
α+1
2
3 (|x′|2 + t2)
α+1
2 ,(4.24)
for some positive constant B. By combining (4.23) and (4.24), we obtain
L(ψ) ≤ −C∗µ1t(|x′|2 + t2)
α−1
2 − 1
t
a0µ1µ
α+1
2
3 (|x′|2 + t2)
α+1
2 ,(4.25)
and, with (4.21) and (4.22),
Q(v) ≤ −C∗µ1t(|x′|2 + t2)
α−1
2 − a0µ1µ
α+1
2
3
(|x′|2 + t2)α+12
t
+ C(|x′|α + tα) + C |x
′|1+α
t
≤ 0,
by choosing µ1 ≥ C/(a0µ
α+1
2
3 ). Next, note
v˜ − c2(0)t2 ≤ v +C|x′|α+1t+ |c2(0)|t2 ≤ Ct2 + C|x′|α+1t.
In order to have v˜ ≤ v on ∂(B′r × (0, r)), we take
µ1 ≥
(
C +
C
rα
)
µ
−α+1
2
3 .
In summary, we have Q(v) ≤ Q(v˜) in B′r × (0, r) and v˜ ≤ v on ∂(B′r × (0, r)). By the
maximum principle, we get v˜ ≤ v in B′r × (0, r), and hence
v˜ ≤ c2(0)t2 + ψ in B′r × (0, r).
Similarly, we have
v˜ ≥ c2(0)t2 − ψ in B′r × (0, r).
By taking x′ = 0, we have (4.20) for x′ = 0.We can prove (4.20) for any (x′, t) ∈ B′r×(0, r)
by a similar method. Instead of (4.22), we set
c2(x
′) = − f
2(Ann + bn)
(x′, 0).
Note c2 ∈ Cα(B′r).
With (4.20), we will prove (4.12). We take any (x′0, t0) ∈ B′r/2 × (0, r/2) and set
t0 = 2δ. With en = (0, 1), consider the transform T : B1(en)→ B′r × (0, r) given by
x′ = x′0 + δz
′, t = δ(s + 1).
Set
v˜δ(z′, s) = δ−2
[
u(x′, t)− ϕ(x′)− c1(x′0)t−Dx′c1(x′0)(x′ − x′0)t− c2(x′0)t2
]
.
Then, by (4.20) and (4.16),
|v˜δ |L∞(B¯1(en)) ≤ δ−2C
[
t2+α + |x′ − x′0|1+αt+ |x′ − x′0|αt2
] ≤ Cδα,(4.26)
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and
Aij∂ij v˜
δ +
bi
s+ 1
∂iv˜
δ + g(x′0 + δz
′, δ(s + 1)) + h˜ = 0,(4.27)
where
g = f + 2(Ann + bn)c2(x
′
0).
Note
|g(x′0 + δz′, δ(s + 1))|Cα(B¯1(en)) ≤ Cδα,
and by (4.17),
|h˜|L∞(B¯1(en)) ≤ Cδα,
Since h ∈ C1,α, we can check easily[
h
t
]
Cα(B¯1(en))
≤ Cδα, [h˜]Cα(B¯1(en)) ≤ Cδα.(4.28)
By the Schauder estimate, we get v˜δ ∈ C2,α(B¯1/2(en)) and
|v˜δ|C2,α(B¯1/2(en)) ≤ C
{
|v˜δ|L∞(B¯1(en)) + |g(x′0 + δz′, δ(s + 1))|Cα(B¯1(en)) + |h˜|Cα(B¯1(en))
}
≤ Cδα.
Now we can scale back and note that x′0 ∈ B′r/2 is arbitrary. By (4.28) and the definition
of h, we obtain, for any (x′, t) ∈ B′r/2 × (0, r/2),
D2(u− ϕ), 1
t
D
(
u− ϕ− c1(x′)t
)
,
1
t2
(
u− ϕ− c1(x′)t
) ∈ Cα(Bt/4(x′, t)),
and
|∂nn(u− ϕ) − 2c2(x′)|+ |∂ab(u− ϕ)|+ |∂an(u− ϕ) − ∂ac1(x′)| ≤ Ctα,∣∣∣∣1t ∂a(u− ϕ− c1(x′)t)
∣∣∣∣+ ∣∣∣∣1t ∂n(u− ϕ− c1(x′)t)− 2c2(x′)
∣∣∣∣ ≤ Ctα,∣∣∣∣ 1t2 (u− ϕ− c1(x′)t− c2(x′)t2)
∣∣∣∣ ≤ Ctα.
Hence, we get (4.12). 
We now prove a general result.
Theorem 4.3. Assume ϕ ∈ C l,α(B′1) and H ∈ C l−1,α(B¯+1 ), with |H| < 1 in B¯+1 , for
some l ≥ 3 and α ∈ (0, 1). Let u ∈ C(B¯+1 )
⋂
C l,α(B+1 ) be a solution of (1.1) and (1.2)
and v be defined as in (4.1). Then, there exists a constant r ∈ (0, 1) such that, for
j = 0, 1, · · · , l − 2,
Djx′v
t2
,
Djx′Dv
t
,Djx′D
2(u− ϕ) ∈ Cα(B¯′r × [0, r]),(4.29)
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and
Djx′v
t
,
Djx′(v
2)
t3
,
Djx′(vvt)
t2
,
Djx′(v
2
t )
t
∈ C1,α(B¯′r × [0, r]).(4.30)
Proof. Note that (4.30) follows from (4.29) easily and we only need to prove (4.29). For
some small r, we set, for any x′0 ∈ B′r,
v˜ = u(x′, t)− ϕ(x′)− c1(x′0)t−
l−1∑
|β|=1
1
β!
∂βx′c1(x
′
0)(x
′ − x′0)βt.
Similarly as for (4.16), we can derive the equation for v˜
Aij∂ij v˜ +
bi
t
∂iv˜ + f + h˜ = 0.(4.31)
We will prove (4.29) by an induction on l. The case l = 2 follows from (4.12). For l ≥ 3,
we fix an integer 1 ≤ k ≤ l − 2 and assume (4.29) holds for j = 0, 1, · · · , k − 1. Then,
consider the case j = k. By differentiating (4.31) by Dkx′ , we have
AijD
k
x′∂ij v˜ +
bi
t
Dkx′∂iv˜ + f + h˜ = 0,
with Aij , bi, f, h˜ satisfying the same properties needed in Lemma 4.2. We claim, for some
ck,2 ∈ Cα(B¯′r) and any (x′, t) ∈ B′r × (0, r),
|Dkx′v(x′, t)− ck,2(x′)t2| ≤ Ct2+α.
The proof is similar as that of (4.20) and is omitted. Then, (4.29) for j = k follows
similarly. 
We point out that Tonegawa [29] already proved the tangential regularity of v. The
present form is used in the expansions to be discussed in the next section.
5. Regularity Along The Normal Direction
In this section, we discuss the regularity along the normal direction.
First, with Theorem 4.3, we rewrite (4.2) as
Ann(Du)∂nnv + 2Aan(Du)∂anu+Aab(Du)∂abu− n
t
∂nv +N = 0 in B
+
1 ,(5.1)
where
N =
n
t
[
H
√
1 + |Dx′u|2 + (∂nu)2 − c1
]
.
We write
N = N1 +N2,
where
N1(x
′, t) =
n
t
(H −H0)
√
1 + |Dx′u|2 + (∂nu)2,
N2(x
′, t) =
n
t
[
H0
√
1 + |Dx′u|2 + (∂nu)2 − c1
]
.
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We note, by (2.3),
N2 =
n
t
c1
(√
1 +
h
1 + |Dx′ϕ|2 + c21
− 1
)
,
where
h = |Dx′v +Dx′c1t|2 + 2Dx′ϕDx′(v + c1t) + (∂nv)2 + 2∂nvc1.
Hence, we have
h
1 + |Dx′ϕ|2 + c21
= 2hi∂iv + 2h0t,
where
ha =
2∂aϕ+ ∂ac1t+ ∂av/2
1 + |Dx′ϕ|2 + c21
,
hn =
c1 + ∂nv/2
1 + |Dx′ϕ|2 + c21
,
h0 =
Dx′ϕ ·Dx′c1 + |Dx′c1|2t/2
1 + |Dx′ϕ|2 + c21
.
Therefore, we can express N2 by
N2 =
nc1
t
∫ 1
0
d
ds
[
1 +
sh
1 + |Dx′ϕ|2 + c21
]1/2
ds
=
nc1
t
∫ 1
0
[
1 +
sh
1 + |Dx′ϕ|2 + c21
]−1/2
ds · (hi∂iv + h0t).
With such an N2, we can write (5.1) as
Ann∂nnv + 2Aan∂anu+Aab∂abu+
bi
t
∂iv + f = 0,(5.2)
where Aij, bi and f are smooth in x, H, Dx′ϕ,Dx′H,
H−H0
t , D
2
x′ϕ and Dv. In particular,
Ann =
1 + |Dx′v +Dx′ϕ+Dx′c1t|2
1 + |Dx′v +Dx′ϕ+Dx′c1t|2 + (∂nv + c1)2
,
bn = −n+ n(c
2
1 + c1∂nv/2)
1 + |Dx′ϕ|2 + c21
∫ 1
0
[
1 +
sh
1 + |Dx′ϕ|2 + c21
]−1/2
ds.
(5.3)
Then,
∂nnv +
bn
tAnn
∂nv =
1
Ann
[
− 2Aan∂anu−Aab∂abu− ba ∂av
t
− f
]
.
By (4.4), we have bn/Ann = −n on {t = 0}. Hence,
(5.4) ∂nnv − n
t
∂nv = F,
where
F =
1
Ann
[
− 2Aan∂anu−Aab∂abu− ba ∂av
t
− f
]
− 1
tAnn
(bn + nAnn)∂nv.
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By (4.4), we have (bn + nAnn)(·, 0) = 0. In fact, a straightforward calculation, with the
help of (5.3), yields
bn + nAnn = hi∂iv + h0t,
where h1, · · · , hn and h0 are smooth functions in x, H Dx′ϕ, Dx′H, D2x′ϕ andDv. Hence,
(bn + nAnn)
∂nv
t
= ha∂nv · ∂av
t
+ hn · v
2
t
t
+ h0∂nv,
where the summation for a is from 1 to n− 1. Therefore,
(5.5) F = 2A˜an∂anu+ A˜ab∂abu+ b˜a
∂av
t
+ b˜n
v2t
t
+ f˜ ,
where A˜an, A˜ab, b˜a, b˜n and f˜ are smooth functions in x, H, Dx′ϕ,Dx′H,
H−H0
t , D
2
x′ϕ and
Dv. We note that F is a smooth function in t and
vt,
v2t
t
,Dx′vt,D
2
x′u,
and that F depends on x′ through derivatives of ϕ andH up to order 2 and 1, respectively.
Moreover,
F is linear in
v2t
t
.
Then, with Theorem 4.3, the method for regularity along the normal direction in [14]
can be applied to draw the conclusion.
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